Gisin's theorem cannot be generalized to all multi-particle states by Zukowski, M et al.
Gisin’s theorem cannot be generalized to all multi-particle states
Marek _Zukowski1, Caslav Brukner2, Wies law Laskowski3 and Marcin Wiesniak3
1Instytut Fizyki Teoretycznej i Astrozyki, Uniwersytet Gdanski, PL-80-952 Gdansk, Poland
2Institut fu¨r Experimentalphysik, Universita¨t Wien, Boltzmanngasse 5, A{1090 Wien, Austria
3Wydzia l Matematyki i Fizyki, Uniwersytet Gdanski, PL-80-952 Gdansk, Poland
(October 16, 2001)
Gisin’s theorem states that any pure entangled state of
two particles violates Clauser-Horne-Shimony-Holt inequal-
ity which is a bound on correlations between measurements
on two particles obtained within local realistic picture. We
find that this theorem cannot be generalized to all multi-
particle states for the case where measurements on each par-
ticle can be chosen between two arbitrary dichotomic ob-
servables. In particular we find a family of pure entangled
states of N qubits which do not violate any Bell inequality for
correlations between such measurements. We also find that
Mermin-Ardehali-Belinskii-Klyshko inequalities may not al-
ways be optimal for refutation of local realistic description of
correlations.
PACS Numbers: 3.65 Bz, 3.67 -a, 42.50 Ar
In 1964 John Bell [1] has showed that no local realis-
tic model can agree with all quantum mechanical predic-
tions. Quantum mechanics violates Bell type inequalities
[1{4] which are certain bounds on combinations of statis-
tical correlations which can be understood within any lo-
cal realistic model. In a realistic model the measurement
results are determined by "hidden" properties the parti-
cles carry prior to and independent of observation. In a
local model the results obtained at one location are in-
dependent of any measurements or actions performed at
space-like separation. In 1991 Gisin [5] showed that any
pure non-product state of two particles violates Clauser-
Horne-Shimony-Holt (CHSH) inequality. This is known
as Gisin’s theorem.
Can Gisin’s theorem be generalized to all multi-particle
states? In this paper we give a non-armative answer to
this question for the case where measurements on each
particle can be chosen between two arbitrary dichotomic
observables. In particular we nd a family of pure en-
tangled states of N qubits which do not violate any Bell
inequality for such situations. This particular family of
states belongs to a larger one of states
jψi = cosαj0, ..., 0i+ sinαj1, ..., 1i, (1)
with 0αpi/4. In this paper the states (1) will be re-
ferred to as "generalized GHZ states". Scarani and Gisin
[6] pinpointed a surprising feature of these states: for
the range sin 2α  1p
2N−1
of parameter α the generalized
GHZ states, although pure and entangled, do not violate
[7] the Mermin-Ardehali-Belinskii-Klyshko (MABK) in-
equalities [4]. They veried their result numerically for
N=3,4,5 and conjectured for N>5. This seems to be a
drastic dierence with respect to pure entangled states
of two qubits, which always violate the CHSH inequali-
ties, as given by Gisin’s theorem [5]. The dierence be-
comes even more dramatic when one think of states (1)
as a generalization of GHZ states [3], for which quantum-
mechanical predictions strongly violates the MABK in-
equalities (by the factor which grows exponentially with
the number of qubits [4]).
In their paper Scarani and Gisin wrote that "this anal-
ysis suggest that MK [here, MABK] inequalities, and
more generally the family of Bell’s inequalities with two
observables per qubit, may not be the ’natural’ gen-
eralizations of the CHSH inequality to more than two
qubits." With respect to this question here we nd an
interesting discrepancy between the case of even and odd
number of qubits. We rst prove (analytically) that for
all N odd the generalized GHZ states satisfy all possible
Bell inequalities for the range 0  α  pi/4 for the case
where measurements on each particle can be chosen be-
tween two arbitrary dichotomic observables. Therefore
we show that Gisin’s theorem does not hold for this case.
Then we nd that for all N even the generalized GHZ
state always violates a Bell inequality. Interestingly we
nd that this inequality, as conjectured by Scarani and
Gisin, is not MABK, but a straightforward generalization
of CHSH inequality.
Since we base our analysis on the recent results ob-
tained in [8] we briefly review the main points of this
reference. There a single general Bell inequality was de-
rived, which is a sucient and necessary condition for
the correlation function for N particles to be describable
in a local and realistic picture, for the case where mea-
surements on each particle can be chosen between two
arbitrary dichotomic observables. Denoting the two ob-













N E(~nk1 , ..., ~nkN )j  2N .
(2)
where E(~nk1 , ..., ~nkN ) with ~nk1 , ..., ~nkN 2 f~n1, ~n2g is the
correlation function. This inequality is equivalent to the
complete set of all possible 22
N
Bell inequalities for the
1
correlations [10,8].
The necessary and sucient condition for an arbitrary
N-qubit mixed state to violate this general Bell inequality
was also derived in Ref. [8]. To express it we use the







Tx1...xN σx1 ⊗ ...⊗ σxN (3)
where σ0 is the identity operator, σxj is a Pauli operator
for xj = 1, 2, 3 (the three Cartesian coordinates x, y, z) in
the Hilbert space of qubit j, and Tx1,...,xN = Tr[ρ(σx1 ⊗
... ⊗ σxN )] are elements of the correlation tensor T^ and
T0...0=1.
The necessary and sucient condition for local re-
alism can be put in the following way. Take arbi-
trary c1x1 , ..., c
N
xN for x1, ..., xN 2 f1, 2g such that ~cj =
(jcj1j, jcj2j) is a unit vector. Then, in any set of coordinate




jc1x1 j...jcNxN j jTx1...xN j  1. (4)
That is, suppose one replaces the components of the cor-
relation tensor Tx1...xN by their moduli jTx1...xN j, and
builds of such moduli a new tensor T^mod. Suppose more-
over that this new tensor is re-expressed in terms of a new
set of local coordinate systems, each of which is obtained
from the old coordinate system by a rotation in the x-y
plane (x and y are denoted above as 1 and 2) of an angle
between 0 and pi/2. If this new tensor satises constraint
(4), then, and only then, a local realistic description is
possible.
Note that because a component of a tensor cannot have





T 2x1...xN . (5)
Therefore we obtain as corollary a simple sucient con-
dition for local realistic description: if one has
2∑
x1,...,xN=1
T 2x1...xN  1 (6)
in any set of local coordinate systems, then the correla-
tions between N qubits in any Bell-type experiment can
be described by a local realistic model.
We now calculate correlation function for measure-
ments performed on N qubits in the generalized GHZ
state (1). First note that the local dichotomic observ-
able measured by the i-th observer, and parameterized by
~ni = (sin θi cosφi, sin θi sinφi, cos θi), can be described as
having eigenvectors











θi + (1− ki)pi4
]
j0ii
associated with the eigenvalues ki = 1. Using Eq.
(7) one can easily calculate the correlation function
EQM (~n1, ..., ~nN ) = Tr[ρ (~n1  ~σ ⊗ ... ⊗ ~nN  ~σ)] as given
by:
 for N even
N∏
i=1


















Therefore the correlatation tensors have in the chosen
set of local coordinates only the following nonvanishing
components:
 for N even Tzz...z = 1, Txx...x = sin 2α, all compo-
nents with 2k y’s and otherwise only x’s (e.g. for
N = 4, Txyxy, etc.) equal to (−1)k sin 2α,
 for N odd Tzz...z = cos 2α, Txx...x = sin 2α, all
components with 2k y’s and otherwise only x’s (e.g.
for N = 3 Txyy, etc.) equal to (−1)k sin 2α.
The above mentioned values can easily be obtained by
using cos(
∑N
i=1 φi) = Re
∏N
i=1(cosφi + i sinφi).
We now show that for all odd N the correlations be-
tween measurements on N qubits in the generalized GHZ
state are describable within local realism for the values
of α agreeing with those given by Scarani and Gisin [6]
for the violation of MABK inequalities. In particular we
shall show that for this range of α the sucient condi-
tion (6) for local realism is satised, that is, in any set
of local coordinate systems
∑2
x1,x2,x3=1
T 2x1x2x3  1. We
shall present here only the proof for N = 3 case. The
proof for general odd N is a trivial generalization of the
one presented below.
To make the proof simple it is convenient to express




Tijk ~l1 ⊗ ~j2 ⊗ ~k3.
Then the correlation tensor for 3 qubits in a generalized
GHZ state is given by
T^ = cos 2α ~z ⊗ ~z ⊗ ~z + sin 2α
[
~x⊗ ~x⊗ ~x (10)
− ~x⊗ ~y ⊗ ~y − ~y ⊗ ~x⊗ ~y − ~y ⊗ ~y ⊗ ~x
]
.
We shall use the following ideas. First of all, we note
that choosing an arbitrary sub-tensor, i.e. set of tensoral
components limited to two arbitrary orthogonal direction
2
for each of the observers (like in (6)) and by observing
how the sum of the squares of its components behaves
under arbitrary changes of the local coordinate systems,
one can prove (6) to hold by showing that under such
transformations the left hand side is never larger than 1.
It is important to stress that we have to consider here
arbitrary rotations, not just those limited to rotations
within some xed local planes.
The full group of rotations contains within itself simple
cyclic permutations of the coordinates (e.g x ! y !
z ! x is obtained via specic rotation around the axis
which is a line x = y = z). This is the reason why
it is enough to consider an arbitrary sub-tensor which
has 8 components of the tensor such that always two
complementary directions (say x and y) appear for each
observer.
The next idea is that one can apply in the analysis
the Euler theorem, i.e. the fact that any rotation can be
expressed as a sequence of rotations around three axes
(e.g. z, x0 and z00). We take rotations for each of the
observers rst along ~z, then ~x0, and nally ~z00. Operations
done by dierent observers commute therefore we can use
a kind of global Euler theorem.
We choose the sector xy of the tensor, by which we
mean that we are interested in the maximal value of∑
i,j,k=x,y T
2
ijk after an arbitrary set of local rotations
is performed.
We rst rotate the local coordinate systems of each of
the observers around the local ~z axes. The new correla-
tion tensor is given by




T 0ijk~i1 ⊗~j2 ⊗ ~k3
(11)
The specic values for T 0ijk can be obtained by replacing
~xi ! cosφi~x0i + sinφi~y0i and ~yi ! cosφi~y0i − sinφi~x0i in
the formula (10) for T^ .
The norms of the new components satisfy the following
relations
jT 0xxxj= jT 0yyxj= jT 0yxyj= jT 0xyyj= jTxxx cos (φ1 + φ2 + φ3)j
(12)
and
jT 0yxxj= jT 0xyxj= jT 0xxyj= jT 0yyyj= jTxxx sin (φ1 + φ2 + φ3)j,
(13)
with jTxxxj = sin 2α.
Then we rotate the local coordinate systems of each
of the observers around the local ~x by the angle θi.
Therefore by replacing ~z0i ! cos θi~z00i + sin θi~y00i and
~y0i ! cos θi~y00i − sin θi~z00i we obtain for the new compo-
nents in the xy sector of the tensor
jT 00yyyj = jTzzzs1s2s3 + T 0yyyc1c2c3j, jT 00yyxj = jc1c2T 0yyxj,
jT 00yxyj = jc1c3T 0yxyj, jT 00xyyj = jc2c3T 0xyyj,
jT 00yxxj = jc1T 0yxxj, jT 00xyxj = jc2T 0xyxj,
jT 00xxyj = jc3T 0xxyj, jT 00xxxj = jT 0xxxj,









































If now one maximizes the last term over one angle only,
say angle θ1, using maxθ1(Ac1 +Bs1)2 = (A2 +B2), then














































Note that the right hand side of this inequality is a linear
function of its arguments c21, c22, and c23. Therefore the
maximal value is reached at the border of the region in
which the function is dened i.e. at c2i = 0 or 1. It is
















T 2ijk = 4 sin
2 2α (15)






ijk  1. Therefore for
the range sin 2α  12 the conclusion of this stage of the
proof is that after three arbitrary local rotations along z
axes and three arbitrary local rotations along x0 axes the
expression at the left hand side of Eq. (6) is always less
or equal to 1.
The nal stage of our proof is the observation that
the nal Euler rotation of the local coordinate systems
of each of the three observers around axes z00 leaves the
sum of squares of the components in the xy sector of the
tensor invariant. Thus, it never exceeds 1. Therefore we
conclude that the sucient condition for a local and re-
alistic description of the correlations is met for the range
of α where no violation of MABK inequality was found
by Scarani and Gisin.
The proof for arbitrary odd N follows exactly the same
pattern. One can show that for α satisfying sin2 2α 
2−(N−1) the generalized Bell inequalities cannot be vio-
lated. The threshold value for α decreases with the grow-
ing odd N because the number of nonvanishing compo-
nents in the xy sector of the correlation (before the Euler
transformations) is 2N−1.
We shall now show that for all even N the general-
ized GHZ state violates the constraint (4). Therefore
the correlations between measurements on an even num-
ber of qubits in this state cannot be described within a
3
local realistic model. We shall give the proof only for
N = 4, because the generalization is obvious. Of course
the N = 2 is covered by Gisin’s theorem [5].






Tijkl ~l1 ⊗~j2 ⊗ ~k3 ⊗~l4 (16)
and in the case of the generalized GHZ state it reads
T^zx = ~z1 ⊗ ~z2 ⊗ ~z3 ⊗ ~z4 + sin 2α ~x1 ⊗ ~x2 ⊗ ~x3 ⊗ ~x4.
(17)
We now rst rotate the coordinate axes of the rst
three observers around the local directions ~y by 45 de-





i) and ~xi =
1p
2
(~x0i −~z0i) with i = 1, 2, 3 into Eq.
(17). Thus the tensor components in the new coordinates
read





1)⊗ (~x02 + ~z02)⊗ (~x03 + ~z03)⊗ ~z0 (18)
+ sin 2α(~x01 − ~z01)⊗ (~x02 − ~z02)⊗ (~x03 − ~z03)⊗ ~x0
]







1)⊗ (~x02 + ~z02)⊗ (~x03 + ~z03)⊗ (~z0 + sin 2α~x0)
Finally we change the local coordinate systems of the









(~z0+sin 2α~x0) with i = 1, 2, 3. The tensor





1 + sin2 2α ~x001 ⊗ ~x002 ⊗ ~x003 ⊗ ~x004 (20)
Therefore we nd local coordinate systems in which our
tensor has a component of a value higher than one for all
non-vanishing values of sin 2α, thus violating criterion (4)
for local realistic description of correlations.
Following the calculation given above one easily can
generalize the proof to an arbitrary even N , once one no-
tices that the sub-tensor built out of solely the zx com-
ponents of the full tensor reads
T^zx = ~z1 ⊗ ~z2...⊗ ~zN + sin 2α ~x1 ⊗ ~x2....⊗ ~xN . (21)
Therefore we conclude that correlations between the
measurements on an even number of qubits in the gen-
eralized GHZ state cannot be reproduced by any local
realistic model. Or equivalently the generalized Bell in-
equality is violated, i.e. at least one out of the full set of
22
N
[10,8] inequalities is violated.
We nd one such inequality. Surprisingly this is not
MABK but a simple (generalized) CHSH inequality. To
this end consider a situation where out of an even num-
ber N of observers two of them choose between two di-
chotomic observables (determined by parameters ~n1 and
~n2) and the rest of N-2 observers keep their settings un-
changed during the whole Bell experiment, each observer
measuring the observable dened by parameter ~z (for
which states j0i and j1i in (1) are eigenstates). Note
that because number N-2 is even the product of the local
results of the N-2 observers for the case of the generalized
GHZ state is always unit. Therefore their results cannot
change the correlation function of the rst two observers,
i.e. E(~nk1 , ~nk2 , ~z, ..., ~z) = E(~nk1 , ~nk2). This immediately
implies that within the local realism the N-qubit corre-
lation function has to satisfy the following (generalized)
CHSH inequality (when ignoring the last N-2 observers
it is a well-known CHSH inequality)
jE(~n1, ~n2, ~z, ..., ~z) + E(~n2, ~n1, ~z, ..., ~z)
+ E(~n2, ~n2, ~z, ..., ~z)− E(~n1, ~n1, ~z, ..., ~z)j  2. (22)
One can easily convince oneself that for an appropriate
choice of parameters ~n1 and ~n2 this is violated by the
generalized GHZ state for the whole range of α (except
α = 0 for which the state is a product state). This can
also be seen as a consequence of Gisin’s theorem [5], as
inequality (22) is essentially a constrain on a two-particle
correlation function.
In conclusion we show that Gisin’s theorem cannot be
generalized to all multi-particle states for the case where
measurements on each particle can be chosen between
two arbitrary dichotomic observables. In particular we
considered a family of pure entangled N-qubit states (1)
and we found that for all N odd there is a certain range
of parameter α for which all Bell inequalities with two
dichtotomic observables per qubit are satised. We also
nd that for for all N even the states (1) always violate
a Bell inequality. We nd one such inequality which is
not Mermin-Ardehali-Belinskii-Klyschko but a straight-
forward generalization of Clauser-Horne-Shimony-Holt
inequality.
We see our work as relevant not only from the funda-
mental point of view in the debate quantum mechanics
vs. local realism but also with respect to the recently ob-
served link between the security of the quantum commu-
nication protocols, and the violation of Bell inequalities
[11].
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